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Abstract
In this paper, we study the multiplicity of positive solutions for the
p-Laplacian systems with sign-changing weight functions. Using the
decomposition of the Nehari manifold, we prove that an elliptic system
has at least two positive solutions.
1. Introduction
In this paper, we study the multiplicity of positive solutions for the
following elliptic system:

−div(|∇u|p−2∇u) = λf(x)|u|q−2u+ r
r+s
h(x)|u|r−2u|v|s in Ω,
−div(|∇v|p−2∇v) = µg(x)|v|q−2v + s
r+s
h(x)|u|r|v|s−2v in Ω,
u = v = 0 on ∂Ω.
(Eλ,µ)
Where r > p, s > p, 1 < q < p < r + s < p∗(p∗ = pN
N−p
if N > p, p∗ =
∞ if N ≤ p), Ω ⊂ RN is a bounded domain, the pair of parameters
(λ, µ) ∈ R2 − {(0, 0)}, and the weight functions f, g, h ∈ C(Ω) are
satisfying f± = max{±f, 0} 6≡ 0, g± = max{±g, 0} 6≡ 0, h± =
max{±h, 0} 6≡ 0.
When p = 2. The fact that number of positive solutions of equation
(Eλ) is affected by the nonlinearity terms has been the focus of a great
deal of research in recent years.
If the weight functions f ≡ h ≡ 1, the authors Ambrosetti-Brezis-
Cerami[1] have investigated equation (Eλ). They found that there
exists λ0 > 0 such that equation (Eλ) admits at least two positive
solutions for λ ∈ (0, λ0), has a positive solution for λ = λ0 and no pos-
itive solution exsists for λ > λ0. Wu [7] proved that equation (Eλ) has
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at least two positive solutions under the assumptions the weight func-
tions f change sign in Ω, g ≡ 1 and λ is sufficiently small. For more
general results, were done by de Figueiredo-Grossez-Ubilla[5], Wu[8]
and Brown-Wu[2].
In this paper, we give a very simple variational proof which is similar
to proof of Wu (see [9]) to prove the existence of at least two positive
solutions of system (Eλ,µ) for p ∈ (1, p
∗) and so the system (Eλ,µ) is
similar to the Wu system [10] ( a semilinear elliptic system involving
sign-changing weight functions). In fact, we use the decomposition of
the Nehari manifold as the pair of parameters (λ, µ) varies to prove
that the following result.
Theorem 1.1. There exists λ0 > 0 and µ0 > 0 such that for 0 < |λ| <
λ0 and 0 < |µ| < µ0, system (Eλ,µ) has at least two positive solutions.
This paper is organized as follows. In section 2, we give some no-
tations and preliminaries. In section 3, we establish the existence of
Palais-Smale sequences and we prove the system (Eλ,µ) has at least two
positive solutions.
2. Notations and Preliminaries
Throughout this paper, we denote by Sl the best Sobolev constant
for the operators W = W 1,p0 (Ω) ×W
1,p
0 (Ω) →֒ L = L
l(Ω) × Ll(Ω) is
given by
Sl = inf
(u,v)∈W−{(0,0)}
(
∫
Ω
|∇u|p +
∫
Ω
|∇v|p)
(
∫
Ω
|u|l +
∫
Ω
|v|l)
p
l
> 0
Where 1 < l ≤ p∗. In particular, (
∫
Ω
|u|l +
∫
Ω
|v|l) ≤ S
− l
p
l ||(u, v)||
l
for all (u, v) ∈ W with the standard norm ||(u, v)|| = (
∫
Ω
|∇u|p +∫
Ω
|∇v|p)
1
p .
System (Eλ,µ) is posed in the framework of the Sobolev spaceW . More-
over, a function (u, v) ∈ W is said to be a weak solution of system (Eλ,µ)
if ∫
Ω
|∇u|p−2∇u∇ϕ− λ
∫
Ω
f |u|q−2uϕ−
r
r + s
∫
Ω
h|u|r−2u|v|sϕ = 0
for all ϕ ∈ W 1,p0 (Ω) and∫
Ω
|∇v|p−2∇v∇ϕ− µ
∫
Ω
g|v|q−2vϕ−
s
r + s
∫
Ω
h|u|r|v|s−2vϕ = 0
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for all ϕ ∈ W 1,p0 (Ω). Thus, the corresponding energy functional of
system (Eλ,µ) is defined by
Jλ,µ(u, v) =
1
p
||(u, v)||p − 1
q
(λ
∫
Ω
f |u|q
+ µ
∫
Ω
g|v|q)− 1
r+s
(
∫
Ω
h|u|r|v|s) for (u, v) ∈ W
As the energy functional Jλ,µ is not bounded below on W , it is useful
to consider the functional on the Nehari manifold
Mλ,µ = {(u, v) ∈ W − {(0, 0)} | 〈J
′
λ,µ(u, v), (u, v)〉 = 0}
Thus, (u, v) ∈Mλ,µ if and only if
||(u, v)||p − (λ
∫
Ω
f |u|q + µ
∫
Ω
g|v|q)− (
∫
Ω
h|u|r|v|s) = 0 (1)
Define
ψλ,µ(u, v) = 〈J
′
λ,µ(u, v), (u, v)〉 = ||(u, v)||
p − (λ
∫
Ω
f |u|q + µ
∫
Ω
g|v|q)
−
∫
Ω
h|u|r|v|s.
Then for (u, v) ∈Mλ,µ,
〈ψ
′
λ,µ(u, v), (u, v)〉 = p||(u, v)||
p − q(λ
∫
Ω
f |u|q + µ
∫
Ω
g|v|q)
− (r + s)
∫
Ω
h|u|r|v|s
= (p− q)(λ
∫
Ω
f |u|q + µ
∫
Ω
g|v|q)
+ (p− r − s)
∫
Ω
h|u|r|v|s, (2)
Now, we split Mλ,µ into three parts:
M+λ,µ = {(u, v) ∈Mλ,µ | 〈ψ
′
λ,µ(u, v), (u, v)〉 > 0}
M0λ,µ = {(u, v) ∈Mλ,µ | 〈ψ
′
λ,µ(u, v), (u, v)〉 = 0}
M−λ,µ = {(u, v) ∈Mλ,µ | 〈ψ
′
λ,µ(u, v), (u, v)〉 < 0}
Then, we have the following results.
Lemma 2.1. If (u0, v0) is a local minimizer for Jλ,µ on Mλ,µ and
(u0, v0) /∈M
0
λ , then J
′
λ,µ(u0, v0) = 0 in W
′
=W−1,p
′
(Ω)×W−1,p
′
(Ω).
Proof. Our proof is almost the same as that in Brown-Zhang[[3], the-
orem 2.3]. 
Lemma 2.2. The energy functional Jλ,µ is coercive and bounded below
on Mλ,µ.
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Proof. If (u, v) ∈Mλ,µ, then by the Sobolev trace imbedding theorem
Jλ,µ(u, v) =
1
p
||(u, v)||p − 1
q
(λ
∫
Ω
f |u|q + µ
∫
Ω
g|v|q)
− 1
r+s
∫
Ω
h|u|r|v|s
= r+s−p
p(r+s)
||(u, v)||p + (−1
q
+ 1
r+s
)(λ
∫
Ω
f |u|q + µ
∫
Ω
g|v|q)
≥ r+s−p
p(r+s)
||(u, v)||p + S
q
p
q (
r+s−q
q(r+s)
)(|λ|||f ||∞||u||
q + |µ|||g||∞||v||
q)
Thus, Jλ is coercive and bounded below on Mλ,µ. 
Lemma 2.3. (i) For any (u, v) ∈M+λ,µ, we have (λ
∫
Ω
f |u|q+µ
∫
Ω
g|v|q) >
0
(ii) For any (u, v) ∈M0λ,µ, we have (λ
∫
Ω
f |u|q + µ
∫
Ω
g|v|q) > 0
and
∫
Ω
h|u|r|v|s > 0
(iii) For any (u, v) ∈M−λ,µ, we have
∫
Ω
h|u|r|v|s > 0.
Proof. The proofs are immediate from (1) and (2). 
Lemma 2.4. The exists λ0 > 0, µ0 > 0 such that for 0 < |λ| < λ0,
0 < |µ| < µ0 we have M
0
λ,µ = ∅.
Proof. Suppose otherwise, that is M0λ,µ 6= ∅ for all (λ, µ) ∈ R
2 −
{(0, 0)}. Then by lemma 2.3,
0 = 〈J
′
λ,µ(u, v), (u, v)〉 = (p− q)||(u, v)||
p
− (r + s− q)
∫
Ω
h|u|r|v|s
= (p− r − s)||(u, v)||p − (q − r − s)(λ
∫
Ω
f |u|q + µ
∫
Ω
g|v|q)
for all (u, v) ∈ M0λ,µ. By the Ho˜lder inequality, Minkowski inequality
and the Sobolev imbedding theorem,
||(u, v)|| ≥ (
2(p− q)
r + s− q
||h||∞S
r+s
p
r+s )
1
(p−r−s)
and
||(u, v)|| ≤ (
r + s− q
r + s− p
(|λ| ||f ||∞ + |µ| ||g||∞))
1
p−qS
q
p(p−q)
p
If |λ|, |µ| is sufficiently small, this is impossible. Thus, we can conclude
that there exists λ0 > 0, µ0 > 0 such that if 0 < |λ| < λ0 and 0 < |µ| <
µ0, we have M
0
λ,µ = ∅. 
By lemma 2.4, for 0 < |λ| < λ0 and 0 < |µ| < µ0 we write Mλ,µ =
M+λ,µ ∪M
−
λ,µ and define
α+λ,µ = inf
(u,v)∈M+
λ,µ
Jλ,µ(u, v)
and
α−λ,µ = inf
(u,v)∈M−
λ,µ
Jλ,µ(u, v)
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Then we have the following results.
Lemma 2.5. There exist minimizing sequences {(u±n , v
±
n )} in M
±
λ,µ for
Jλ,µ such that Jλ,µ(u
±
n , v
±
n ) = α
±
λ,µ + o(1) and J
′
λ,µ(u
±
n , v
±
n ) = o(1) in
W
′
.
Proof. The proof is almost the same as that in Wu[[7]. Proposition
9]. 
3. Proof of Theorem 1.1
Throughout this section, we assume that the parameters λ and µ
satisfies 0 < |λ| < λ0 and 0 < |µ| < µ0. Then we have the following
results.
Theorem 3.1. System (Eλ,µ) has a positive solution (u
+
0 , v
+
0 ) ∈ M
+
λ,µ
such that Jλ,µ(u
+
0 , v
+
0 ) = α
+
λ,µ < 0.
Proof. First, we show α+λ,µ < 0. For (u, v) ∈M
+
λ,µ, we have
Jλ,µ(u, v) = (
1
p
− 1
q
)||(u, v)||p
+ (1
q
− 1
r+s
)(
∫
Ω
h|u|r|v|s)
< − (p−q)(r+s−p)
pq(r+s)
||(u, v)||p < 0.
This implies α+λ,µ < 0. By lemma 2.5, there exists {(u
+
n , v
+
n )} ⊂ M
+
λ,µ
such that Jλ,µ(u
+
n , v
+
n ) = α
+
λ,µ + 0(1) and J
′
λ,µ(u
+
n , v
+
n ) = o(1) in W
′
.
Then by lemma (ii) and the Rellich-Kondrachov theorem there exist a
subsequence {(u+n , v
+
n )} and (u
+
0 , v
+
0 ) ∈ W is a solution of system (Eλ,µ)
such that (u+n , v
+
n ) → (u
+
0 , v
+
0 ) weakly in W and (u
+
n , v
+
n ) → (u
+
0 , v
+
0 )
strongly in L for all 1 ≤ l < p∗.
Then we have∫
Ω
f |u+n |
q +
∫
Ω
g|v+n |
q =
∫
Ω
f |u+0 |
q +
∫
Ω
g|v+0 |
q + o(1)
and (λ
∫
Ω
f |u+0 |
q + µ
∫
Ω
g|v+0 |
q) ≥ 0.
Now, we prove that (λ
∫
Ω
f |u+0 |
q + µ
∫
Ω
g|v+0 |
q) > 0 otherwise, then
||(u+n , v
+
n )||
p =
∫
Ω
h|u+n |
r|v+n |
s + o(1)
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and
(1
p
− 1
r+s
)||(u+n , v
+
n )||
p
W =
1
p
||(u+n , v
+
n )||
p
− 1
q
(λ
∫
Ω
f |u+n |
q + µ
∫
Ω
g|v+n |
q)
− 1
r+s
∫
Ω
h|u+n |
r|v+n |
s + o(1)
= α+λ,µ + o(l)
This is contradicts α+λ,µ < 0. Thus, (λ
∫
Ω
f |u+0 |
q + µ
∫
Ω
g|v+0 |
q) > 0. In
particular, (u+0 , v
+
0 ) ∈ M
+
λ,µ is a nontrivial solution of system (Eλ,µ) and
Jλ,µ(u
+
0 , v
+
0 ) ≥ α
+
λ,µ. Moreover,
α+λ,µ ≤ Jλ,µ(u
+
0 , v
+
0 ) = (
1
p
− 1
q
)(λ
∫
Ω
f |u+0 |
q + µ
∫
Ω
g|v+0 |
q)
+ (1
p
− 1
r+s
)
∫
Ω
h|u+0 |
r|v+0 |
s
= lim
n→∞
Jλ,µ(u
+
n , v
+
n ) = α
+
λ,µ.
Consequently, Jλ,µ(u
+
0 , v
+
0 ) = α
+
λ,µ. Since Jλ,µ(u
+
0 , v
+
0 ) = Jλ,µ(|u
+
0 |, |v
+
0 |)
and (|u+0 |, |v
+
0 |) ∈ M
+
λ,µ. By lemma 2.1 we may assume that u
+
0 ≥
0, v+0 ≥ 0. Moreover, by the Harnack inequality due to Trudinger [6],
we obtain (u+0 , v
+
0 ) is a positive solution of system (Eλ,µ). 
Theorem 3.2. System (Eλ,µ) has a positive solution (u
−
0 , v
−
0 ) ∈ M
−
λ,µ
such that Jλ,µ(u
−
0 , v
−
0 ) = α
−
λ,µ.
Proof. By lemma 2.5, there exists {(un, vn)} ⊂M
−
λ,µ such that
Jλ,µ(u
−
n , v
−
n ) = α
−
λ,µ + o(1) and J
′
λ,µ(u
−
n , v
−
n ) = o(1) in W
′
.
By lemma 2.2 and the Relich-Kondrachov theorem, there exist a subse-
quence {(u−n , v
−
n )} and (u
−
0 , v
−
0 ) ∈M
−
λ,µ is a nonzero solution of system
(Eλ,µ) such that (u
−
n , v
−
n ) → (u
−
0 , v
−
0 ) weakly in W and (u
−
n , v
−
n ) →
(u−0 , v
−
0 ) strongly in L. Moreover,
α−λ,µ ≤ Jλ,µ(u
−
0 , v
−
0 ) = (
1
p
− 1
q
)(λ
∫
Ω
f |u−0 |
q + µ
∫
Ω
g|v−0 |
q)
+ (1
p
− 1
r+s
)
∫
Ω
h|u−0 |
r|v−0 |
s
= lim
n→∞
Jλ,µ(u
−
n , v
−
n ) = α
−
λ,µ.
Consequently, Jλ,µ(u
−
0 , v
−
0 ) = α
−
λ,µ. Since Jλ,µ(u
−
0 , v
−
0 ) = Jλ,µ(|u
−
0 |, |v
−
0 |)
and (|u−0 |, |v
−
0 |) ∈ M
−
λ,µ. By lemma 2.1 we may assume that u
−
0 ≥
0, v−0 ≥ 0.
Moreover, by the Haranack inequality due to Trudinger [6], we obtain
(u−0 , v
−
0 ) is a positive solution of system (Eλ,µ).

Now, we begin to show the proof of theorem 1.1: By theorem 3.1,
3.2 system (Eλ,µ) has two positive solutions (u
+
0 , v
+
0 ) and (u
−
0 , v
−
0 ) such
that (u+0 , v
+
0 ) ∈M
+
λ,µ and (u
−
0 , v
−
0 ) ∈ M
−
λ,µ. Since M
+
λ,µ ∩M
−
λ,µ = ∅, this
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implies that (u+0 , v
+
0 ) and (u
−
0 , v
−
0 ) are distinct.
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